Abstract. We show that the elements of the (open) cone underlying a nilpotent orbit on a period domain are pairwise congruent under (connected component of) the symmetry group of the period domain.
Greg Pearlstein has observed that Theorem 1.1 may be deduced from the several variables SL 2 -orbit Theorem [4, Theorem 4.20 .iv]. However, to invoke so substantial and powerful a result could be misleading in this case: as I will demonstrate, Theorem 1.1 follows from an elementary and geometrically transparent argument.
Nilpotent cones appear in a variety of contexts, and it is a longstanding problem to understand their structure. Examples include: (i) the cone of Kähler classes on a smooth compact Kähler manifold, and (ii) the strictly convex conewise linear maps in the combinatorial intersection cohomology of polytopes; cf. [2] and the references
therein.
An algebro-geometric variant of Theorem 1.1 is addressed in [8] . There one considers:
(a) the stratification of the tangent space T X Def(X) to the Kuranishi space when X is a normal crossing divisor: very roughly, the strata correspond to the amount of smoothing that X undergoes when deformed in the direction of the strata;
(b) the stratification of abelian subspaces of Nilp(g R ) by Ad(G R )-orbits.
The analog of Theorem 1.1 is to show that the strata in (a) are mapped to strata in (b). Theorem 1.1 holds in the more general setting of Mumford-Tate domains [16] . To prove the theorem in this more general setting requires a fair amount of representation theory. However, the argument in the case of period domains is comparatively simple, and captures the essential geometric idea: the Ad(G R )-orbit of N ∈ C is characterized by data encoded in the limiting mixed Hodge structure (F • , W • (N)) associated with the nilpotent orbit (F • , N). Theorem 1.1 will follow from: (i) Springer and Steinberg's [19] classification of the Ad(G o R )-orbits in Nilp(g R ), and a result of Gerstenhaber and Hesselink [11, 7] on the partial order on these orbits; and (ii) Cattani and Kaplan's [3] result on the independence of the weight filtration W • (N) on our choice of N ∈ C.
The results of Springer and Steinberg, and Gerstenhaber and Hesselink apply to the case that G R is a classical Lie group. To prove the analog of Theorem 1.1 in the more general setting of a Mumford-Tate domain D = G R /R requires: (i) TheDoković-Kostant-Sekiguchi [15, 18] classification of the nilpotent Ad(G R )-conjugacy classes for an arbitrary (connected) semisimple real Lie group G R .
(ii) The observation that underlying any nilpotent orbit is a Hodge-Tate degeneration [10] , and the classification of the latter.
The components of (ii) yield classifications of the horizontal SL 2 's and the R-split limiting mixed Hodge structures on a Mumford-Tate domain domain, up to the action of G R , [16] . This is related to work in progress, by Matt Kerr, Greg Pearlstein and the author, to understand the relationship between
• G R -orbits of limiting mixed Hodge structures, and
These two sets of G R -orbits are related by the G R -equivariant reduced/naïve limit period mapping Φ ∞ : B(N) → cl(D), [13, 9, 10] ; here B(N) is the boundary component associated with the nilpotent N ∈ g R . The image Φ ∞ (B(N)) lies in a G R -orbit
. This yields a map
one goal is to determine the image and fibres of the map, and the effect of the map on the natural partial orders (given by containment in closure) on each set.
We finish the introduction by reviewing some notation and results from Hodge theory. The necessary material from representation theory is reviewed in Section 2, and Theorem 1.1 is proved in Section 3.
Acknowledgements. Over the course of this work I have benefited from conversations and correspondence with a number of colleagues. I would especially like to thank Eduardo Cattani, Mark Green, Phillip Griffiths, Matt Kerr and Greg Pearlstein for their time and insight.
1.2. Notation and terminology. Fix a real vector space V R . A (pure, real) Hodge structure of weight k on V R is a decomposition
The Hodge numbers are h = (h p,q = dim C V p,q ). The Hodge flag F • associated with the Hodge structure is the filtration of V C given by
We may recover the Hodge structure from the Hodge flag by The Hodge flag is Q-isotropic
and thus an element of the compact dual, the
Taking the G R -orbit of the Hodge flag 
, and the holomorphic map ψ : C m →Ď defined by
Given a nilpotent N ∈ g R such that N k+1 = 0, there exists a unique increasing
and the induced The Deligne splitting [4, 6] (1.5a) V C = I p,q associated with the limiting mixed Hodge structure is given by
It is the unique bigrading of V C with the properties that Observe that NI p,q ⊂ I p−1,q−1 for all N ∈ C. Given ℓ ≥ 0 and p + q = k + ℓ, we define
Representation theory background
This is a terse summary of the classification of nilpotent conjugacy classes in sym- We say that N is the nilnegative element of the standard triple. From (2.1) we see that span{M, Y, N} ≃ sl 2 is a three-dimensional semisimple subalgebra (TDS) of
Fix a nilpotent element N ∈ End(V ). The Jacobson-Morosov Theorem [12, 14] asserts that N is the nilnegative element of a standard triple. Let sl 2 ⊂ End(V ) be †
The term 'nilpotent orbit' is used in both Hodge theory and representation theory to refer to two distinct (but related) objects. In 
Here 
Note that
The weight filtration of Section 1.2 is
Observe that
Let Q be a nondegenerate (−1) k -symmetric bilinear form on V and let G = Aut(V , Q) be the corresponding Lie group with Lie algebra g = End(V , Q). Given a nonzero N ∈ Nilp(g ), the Jacobson-Morosov Theorem asserts that N is the nilnegative element of a standard triple contained in g . So, we may assume that the TDS is contained in g . Then If N ′ N then it is necessarily the case that m ′ < m, [11, 7] . 
